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We study the spontaneous breakdown of SO(10) symmetry in the IIB matrix model using a mean-
field approximation and its systematic improvements. Self-consistency equations allow various so-
lutions which break the SO(10) symmetry. By calculating the free energy for each solution up to
the third order approximation, we find that the free energy becomes minimum for a solution which
preserves SO(4) symmetry. Furthermore the dynamical space-time is observed to collapse to four
dimensions as we increase the order of the approximation. These results strongly suggest that four-
dimensional space-time is generated dynamically in the IIB matrix model, which was proposed as a
nonperturbative definition of type IIB superstring theory in ten dimensions.
PACS numbers 11.30.Cp, 11.30.Qc, 11.25.-w
Introduction.— Reduced Yang-Mills integrals have
attracted much attention in the context of nonperturba-
tive formulation of superstring/M theories [1,2]. For ex-
ample, the IIB matrix model [2], which was proposed as a
nonperturbative denition of type IIB superstring theory
in 10d, is a supersymmetric matrix model, which can be
obtained from the zero-volume limit of 10d SU(N) super
Yang-Mills theory. The space-time is represented by 10
bosonic matrices, and treated dynamically. Therefore, it
allows us in particular to investigate an important possi-
bility that our 4d space-time appears dynamically in su-
perstring theory in ten dimensions. Since the model has
manifest SO(10) symmetry, the emergence of 4d space-
time requires the SO(10) symmetry to be spontaneously
broken. Many works have already been done to clarify
this possibility [3{10]. It was found that the IIB matrix
model is indeed endowed with a natural mechanism that
may realize such a scenario [5]. Recently the mechanism
has been demonstrated [10] in a class of exactly solvable
matrix models.
In this paper, we address this issue by using the mean-
eld approximation developed in [11,12]. The mean-eld
technique for general supersymmetric models was orig-
inally proposed in [13] with the particular intention of
studying the strong-coupling regime of the BFSS Matrix
Theory [1]. Indeed the results were found to be con-
sistent with the conjectured duality to supergravity, and
various interesting blackhole dynamics have been studied
nonperturbatively [14].
In the IIB matrix model, we nd that self-consistency
equations allow various solutions which preserve only
subgroups of SO(10). We calculate the free energy for
each solution up to the third order of the approxima-
tion and nd that it becomes minimum for the solution
which preserves SO(4). We also calculate the extent of
the space-time in each direction and observe that the
extent in the four directions is larger than the rest and
moreover the ratio becomes larger as we increase the or-
der of the approximation. These results strongly suggest
that four-dimensional space-time appears dynamically in
the IIB matrix model.
Bosonic Yang-Mills Integral.— In order to illustrate




dA e−S , (1)
S = −1
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The bosonic matrices Aµ (µ = 1,    , D) are N N her-
mitian matrices, which we expand as Aµ = Aaµ T a with
respect to the SU(N) generators T a (a = 1,    , (N2−1))
normalized as tr (T aT b) = 12δ
ab. The integration mea-








important consequence of the zero-volume limit, one can
actually absorb the parameter g by rescaling the dynam-
ical variables Aµ 7! pgAµ. Therefore, the parameter g
is merely a scale parameter rather than a coupling con-
stant. The partition function is conjectured to be nite
[15] for N > D/(D − 2), and this conjecture was proved
in [16]. A systematic 1/D expansion has been formu-
lated in [4]. In particular the absence of SO(D) breaking
is shown to all orders of the 1/D expansion and this con-
clusion is conrmed by Monte Carlo simulations [4] for
various D = 3, 4, 6,    , 20. The model has been stud-
ied by the mean-eld approximation assuming that the
SO(D) symmetry is not spontaneously broken [11], and
the numerical results of the VEVs of Polyakov line and
Wilson loop [17] have been reproduced qualitatively.
In order to examine the SSB of SO(D) symmetry
within the mean-eld approximation, we repeat the cal-
culation of Ref. [11] without assuming the absence of
SO(D) breaking. It turns out to be convenient to in-
troduce the rescaled dynamical variables Xµ given by
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N tr [Xµ, Xν ]2 . (3)
The most general SU(N) invariant Gaussian action with-







tr (XµXµ) , vµ > 0 , (4)
by making an appropriate SO(D) transformation. Then
we rewrite the partition function (1) as
Z = Z0 he−(S−S0)i0 , (5)
Z0 =
∫
dA e−S0 = β−D(N
2−1)/4
∫
dX e−S0 , (6)
where h  i0 is a VEV with respect to the partition
function Z0. From (5) it follows that the free energy




Fk ; F0 = − lnZ0 ,
Fk = − (−1)
k
k!
h(S − S0)kiC,0 (for k  1) , (7)
where the sux ‘C’ in h  iC,0 means that the connected




















2 − 1)D . (11)
The variational parameters vµ in the mean-eld action
(4) can be determined in such a way that the free energy
F calculated up to the rst order becomes minimum.












Considering vµ > 0, one immediately nds that
v1 = v2 =    = vD =
√
2
D − 1 , (13)
which agrees with Ref. [11]. Thus the mean-eld approx-
imation is able to reproduce correctly the absence of the
SO(D) symmetry breaking.
The IIB matrix model.— Let us move on to the IIB
matrix model, which is dened by the partition function
Z =
∫
dAdΨ e−S ; S = S(B) + S(F) , (14)
where S(B) is the bosonic action given by (2) with D =
10, and S(F) is given by







The fermionic matrices Ψα (α = 1,    , 16) are trace-
less N  N hermitian matrices, which we expand as









. The 16  16 symmetric
matrices Γ˜µ are given as Γ˜µ = C Γµ, where Γµ are the
10d gamma matrices after Weyl projection, and C is the
charge conjugation matrix, which satises Γ>µ = CΓµCy
and C> = C. The partition function (14) is conjectured
[18] to be nite for arbitrary N , and this conjecture was
proved in [19].
Again we introduce the rescaled variables Xµ, and sim-
ilarly we introduce α by α = β3/8 Ψα , so that the
fermionic action takes the canonical form




α(Γ˜µ)αβ [Xµ, β ]
)
. (16)
We write down the SU(N) symmetric Gaussian action






where S(B)0 is the anisotropic bosonic Gaussian action (4)








aαAαβ aβ , (18)
where A is a 16 16 anti-symmetric matrix.
As before, we introduce Z0, h  i0 and the free energy is
expanded as (7). Note that correlation functions h  iC,0
including odd powers of S(F) vanish trivially. When we
evaluate the free energy F by using the formula (7), we
have to reorganize the expansion in such a way that we
can take into account the three-point interaction S(F)
properly. As in Ref. [12], we consider S(B), S(B)0 , S
(F)
0 ,

















(k + l)! k+l
Ck−l (for k  1) . (20)
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This prescription was rst proposed in Ref. [13] for gen-
eral supersymmetric models [20].
The zeroth order free energy can be obtained as












10 ln(Nβ1/2)− 16 ln(Nβ3/4)
}
. (22)
The rst order correction to the free energy reads






The rst term is the same as (10) in the bosonic case.
The other terms are given as
hS0i0 = −3(N2 − 1) , (24)
h(S(F))2iC,0 = 12(N









where the trace Tr is taken with respect to the 16-
dimensional spinor indices. Thus, at the rst order, the
free energy is calculated as
1
N2 − 1(
~F0 + ~F1) = C − 12
10∑
µ=1






vµvν + 3− 14Q . (27)
Let us parametrize the 16 16 anti-symmetric matrix





wµνλ Bµνλ ; Bµνλ = C Γµ Γyν Γλ , (28)
where wµνλ is a complex totally anti-symmetric rank-3
tensor. Obviously the fermionic Gaussian action breaks
the full SO(10) symmetry for any nonzero wµνλ. The
self-consistency equations at the rst order read

























~Fk including corrections up to the n-th or-
der. We search for solutions by Newton’s method near
the solutions found at the rst order. The expectation
value of an operatorO is calculated using the reorganized
series expansion













We truncate the innite series (31) at k = n, and evalu-
ate it at the solutions to the n-th order self-consistency
equations. As a test, we applied this improved method
to a toy model [11] with the action S = 14g2 φ
4. We calcu-
lated the free energy and the expectation value hφ2i up
to the 10th order. The results are quite stable from the
3rd to the 10th order (although we found no solutions at
the 2nd and 4th orders) and the discrepancies from the
exact results are less than 1%. Details shall be reported
elsewhere.
Ansatz.— Since the Gaussian action contains too
many parameters, it seems a formidable task to ex-
plore completely the solution space of the self-consistency
equations. Here we search for solutions assuming that
SO(d) plus some discrete subgroup of SO(10) is pre-
served. For each case below, the number of parameters
is reduced to three.
First let us assume that SO(7) symmetry is preserved,
which allows us to set v1 =    = v7  V and all the wµνλ
except w8,9,10 to zero. By further imposing the symmetry
under a particular SO(10) transformation
xµ 7! xν ; xν 7! xλ ; xλ 7! xµ , (33)
where (µ, ν, λ) = (8, 9, 10), we set v8 = v9 = v10  v.
Secondly let us assume SO(6) symmetry, which allows
us to set v1 =    = v6  V and all the wµνλ with
indices 1  6 to zero. We further impose the sym-
metry under the transformation (33) with (µ, ν, λ) =
(7, 8, 9), (7, 8, 10), (7, 9, 10), (8, 9, 10). This requires v7 =
v8 = v9 = v10  v and w8,9,10 = −w7,9,10 = w7,8,10 =
−w7,8,9.
Next let us assume SO(4) symmetry, which allows us
to set v1 =    = v4  V and all the wµνλ with indices
1  4 to zero. We further impose the symmetry under the
transformation (33) with (µ, ν, λ) = (8, 9, 10) and under
a particular SO(10) transformation
xµ 7! xν ; xν 7! xµ ; x1 7! −x1 , (34)
where (µ, ν) = (5, 8), (6, 9), (7, 10).
Finally let us assume SO(2) symmetry, which allows
us to set v1 = v2  V and all the wµνλ with in-
dices 1 or 2 to zero. We further impose the sym-
metry under the transformation (33) with (µ, ν, λ) =
(7, 8, 9), (7, 8, 10), (7, 9, 10), (8, 9, 10) and under the trans-
formation (34) with (µ, ν) = (3, 7), (4, 8), (5, 9), (6, 10).
Results.— For each ansatz preserving the SO(d) sym-
metry (d = 2, 4, 6, 7), we obtain one or two solutions. In
the latter case, we only show results for the one which
3
gives the smaller free energy. An analytic formula for the
free energy at arbitrary N was conjectured in Ref. [18]
based on explicit numerical evaluations at small N com-
bined with other analytical calculations [21]. At large N ,
the formula gives
F













The mean-eld approximation reproduces the rst term
correctly for any solution. Therefore, we compute the









The results are shown in the Table. At the rst order,
the free energy becomes larger for smaller d. At the sec-
ond order, we nd no solutions similarly to the situation
with the toy model mentioned below (32). At the third
order, we nd that the free energy has a minimum at the
solution preserving SO(4). Note also that the value of f
obtained for d = 4 at the third order is much closer to
the ‘exact’ result (ln 8 − 34 = 1.32944) than the one ob-
tained for d = 4 at the rst order. We also calculate the
extent in the µ-th direction Rµ 
√
h 1N tr (Aµ)2i using
the approximation. Note that R1 =    = Rd  R and
Rd+1 =    = R10  r due to the imposed symmetry. At
the rst order, the ratio ρ  R/r is given by √V/v and
we nd that ρ > 1. At the third order, we observe that
the ratio ρ increases in all the cases except for d = 2.
d f (order 1) f (order 3) ρ (order 1) ρ (order 3)
7 5.52272 1.62094 1.95533 2.15681
6 5.75743 1.54414 1.87034 2.24911
4 6.15335 0.74111 1.85728 3.37766
2 6.49428 6.50906 2.17736 1.49056
Discussion.— The extent of the space-time dened
by Rµ behaves as
p
gN1/4 at large N according to the
mean-eld approximation. This result holds for both
bosonic and supersymmetric models and it is consistent
with the results obtained by other methods [3,4].
The emergence of four-dimensional space-time in the
IIB matrix model has been speculated in Ref. [9] based
on Monte Carlo results combined with an argument using
the branched polymer description [3] of the low-energy
eective theory. It is encouraging that we obtain the
number ‘four’ from a totally dierent approach.
In the bosonic model, the mean-eld approximation
(even at the rst order) becomes exact in the large D
limit [11]. This is understood as a result of the fact that
the bosonic model allows a systematic 1/D expansion [4].
In the supersymmetric models, the D is restricted to 4,6
and 10 and therefore it is not possible to formulate a 1/D
expansion. However, the mean-eld approximation is ex-
pected to be valid if D is as large as 10. We hope that this
analytical method is useful to extract more information
on the dynamics of the IIB matrix model.
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